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Krystyn PAWLUK

ENERGETIC EQUIVALENCE OF POLAR
AND LATERAL QUANTITIES ON
PERMANENT MAGNET BOUNDARIES

SUMMARY It is proved that for permanent magnets of cylindri-
cal shape set in free space two virtual boundary quantities: surface
density of magnetic charge that is attributed to a polar surface, and
magnetizing current sheet imagined on a lateral surface produce both
the identical magnetic energy. The exact formulae fo compute the
magnetic energy are given. Results of test calculations performed by
the use of author's test software are presented.

Notation
R, 6, & — symbols of regions, surfaces and edges, respectively,

¥, ¢ z - cylindrical co-ordinates,

wy — radius of a cylindrical magnet,

I - length of a cylindrical magnet,

B — magnetic flux density,

H -~ magnetic field strength,

M - magnetization,

J — magnetic polarization,

W, - magnetic energy,

On - surface monopole density of a "magnetic charge”,
K = e,Ky— magnetizing current sheet, A/m,
Vi — magnetic scalar potential,

A — magnetic vector potential,

o = 4w 10”7 H/m — magnetic constant,
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In(ru) - Bessel function of the real argument r« and of the rang m (non-negative in-
teger),

oc
JJM (ra)], (ryu)e =" wldu -~ integral of Lipschitz-Hankel type.
0

Complete eliiptic integrals of argument & of:

the first kind: K(k) = [ —=—2 | K, (k)= 2K(k)
0 \flfk‘sin“qﬁ n

/2 S

the second kind: Ek)= [ \/I-4*sin*¢d¢ : E, (k) =2 E(k).
T

0

1. INTRODUCTION - TWO BOUNDARY QUANTITIES

Consider a cylindrical permanent magnet that is set in free space, shown
in Fig.1. Let the magnet be flat (/;, < r,) and sufficiently small to suppose be
uniformly magnetized in axial direction, it means that two magnet quantities in-
side the whole magnet body RR'™ are steadily distributed, i.e. the magnetization
M(r.p,z)=kM,=kM =const, as well as the magnetic polarization
J(r,p,z)=kJ,=k.J=const. The values of these quantities are not given a
priori, but they shall be determined from the magnet size and its magnetic curve
—see [9]. Itis not to conclude from the above that the magnet quantities B and
H would be constant inside R™, indeed.

Two equivalent boundary models of the permanent magnet will be used
in the form that was defined and published by the author [1], [2], [3], [9].

To perform the first model with analogy between magneto- and electro-

static approach, let us introduce for the magnet a fictitious polar quantity attrib-
uted to the magnet polar surfaces 6™ and &* and termed surface monopole

density of the magnetic charge, symbol o, unit tesla’. When the magnetic
polarization ./ is directed according z-axis i.e. from S to N, we have:
O =0, =k-J=J forN-pole, and o, =-0, =—k-J =—J , for S-pole.

In conformity with an interpretation of o as a quantity of mono-pole
density type the magnetic scalar potential depending on o, €an be introduced
as having a form of the integral of Lipschitz-Hankel type — see [6], [9]:

" Craik [6] employs here the quantity pole density, designated o without an index and
expressed in A/m, but equal to o;/u, in our symbols; other authors, e.g. Abele [12] prefer our
approach.
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W, (r.z Iy jl (ry,u)dy(r, u)e ey du (1)

where / = [,,/2, and the beginning of z-axis is chosen at the magnet centre. The
magnetic potential given by (1) is unique; it vanishes for M—}w .

Formula (1) can be simply generalized for both polar surfaces expressing
the magnetic scalar potential created by the whole permanent magnet to read:

W.,,(f,~)~

JJ (rosu)do (7, )(e_ihi]‘”—e_’””")u" du (1a)

0 0

In the second model of the permanent magnet some vector boundary quan-
tity could be imagined upon a lateral surface S it is commonly termed magnet-

izing current sheet”, designated by K, and defined by the following way:

Fig.1. Virtual boundary quantities on the pole
and lateral surface of a permanent magnet.

2 Magnetizing current sheet is also termed linear density of magnetizing current.
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K, =¢e K, =¢éxM, thus K, =M_ =M unit ampere per metre. Ky,
shall be interpreted as a quantity creating double-layer potential. This boundary
quantity excites the rotational field B in the magnet body and in external space.

For the second model, the magnetic vector potential depending on K,
may be introduced. Choosing optionally z = 0 at the centre of S-pole surface the
following integral expression for 4, = 4 holds:

A(r,z) = F—“%&J.L (ru)d, (ru)e " u" du 2)

0

that can be easy drown up from the relevant formula of the magnetic vector

potential created by an electric current carried by a circular loop — see [9].
Magnetic vector potential given by formula (2) is unigque and vanishing for

[:]%oo, The Lipschitz-Hankel integral occurring in (2) differs from that in (1a) by

the order of the second Bessel function.

2. MAGNETIC ENERGY DUE TO o,

The polar densities distributed uniformly on the polar surfaces are con-
sidered as unique sources of the magnetic energy in R®, thus, the magnetic
energy can be evaluated by integration of the magnetic field upon the both N
and S polar surfaces.

The magnetic energy I, created by the inherent magnetization of the
magnet alone and stocked in the whole R® should be determined as a sum of

four terms:
Wo =Wy + W+ Wo + W (3)

where:
Wy self energy of the N-pole surface,
Wy — self energy of the S-pole surface,
Wyus — mutual energy created by the gy, acting on the N-pole surface,
Wen — mutual energy created by the o;, acting on the S-pole surface”.

¥ Some authors prefer to employ the concept H,, identical to Wis+ Wy in our designation.
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To summarise, we have readily W, = W, and similarly W, =W, hence:

m = 2(W * SN) (4)

To obtain Wy, let us firstly express d}#y related to the small ring on the
N-pole surface — see Fig.1. Putting optionally z = 0 at the N-surface centre we
have;

dWy =1y, (r,0)o, - 2nrdr (5)

where y;,(r,0) is the magnetic scalar potential excited be o,y in any point on
the N-pole surface — compare [9] — and it can be expressed in the form of inte-
gral of Lipschitz-Hankel type to read:

Tumo-m J‘J r H) :r‘]()(f‘u)rdr H—Idu (6)
0

In the considered case, we have » < r,, and moreover ., = 0., , hence,
we obtain the formula:

_ O J’[J u)]2u du (7)

Similar procedure is to apply to express gy Choosing for this case z = 0 at
the centre of the S-pole surface we have now z - l,and 0,0, = —0. ; we get

-2
Wou = —L;ﬂg j L () ] P u™ du (®)

In conclusion, the magnetic energy defined by (4) can be written with
the use of the integral of Lipschitz-Hankel type in the following form:

W = MT[JI(rmu)JQ(]—e"’""‘)zc‘zdu (9)

Hy %
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Passing to classical quantities commonly used to describe the magnetic
field inside the magnet body k'™ we can substitute o /y, = .J M to reach:

IMI[I rou) I_L-:" “)u":du (9a)

Expression (9a) determines exactly the magnetic energy stored in R,

when the permanent magnet of circular shape is uniformly magnetized, set in
free space, and not influenced by external fields.

3. MAGNETIC ENERGY DUE TO Ky

One can show that for the second model based on the fictitious lateral
quantity interpreted as the magnetizing current sheet K, the similar procedure
is to apply. Starting from the expression valid for one K, -layer:

di/Vm :%A(r}n’:)K -“‘nf;nd“ (10)

we can employ magnetic vector potential given by formula (2) for » - r,, , hence,
for double layer resulting in multiplying the expression by 2 we arrive to:

@

W, = ,uum;j}(f,“] rou) _fe g s T du (11)

m
0

thus, after integrating the relevant part with respect to z we abtain:

W, = ,unm‘!(f,_[[l (ra)]’? (Ife ) “du (12)

It is to conclude that for the uniformly magnetized permanent magnet of
cylindrical shape which is set in free space and is not influenced by external
fields, we can substitute 4 K. =.JM to prove full equivalence between W

given by (9) or (12), respectively, in the common form (9a).
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4. APPROXIMATION AND PHYSICAL INTERPRETATION

In order to become the formula (9a) in a form admitting the use of the el-
liptic integrals we can accept the approximation:

e~ 1=Lu+i(lu) T (13)

It is convergent in the case of fiat magnets for which r, > [,,. Thus, we
would like to substitute into (9a):

l—e ™" ~ [ u—f(/ u)qi-o- (13a)

m

The permutation of signs occurs in series (13). Thus, when we substitute
7]

into (9a): 1—e ™ =/ u only, we are able to interpret the formula as an upper
band of the exact value of the magnetic energy, and putting there two first terms
written in (13a) — as lower band of it. Therefore, let us to rewrite formula (9a) as

follows:

24,

W~ 1‘_';{_%{ f[ ru)] u'du- zj[J )]zdu} (9b)
]

The first integral is equal to L — see [10, Int. no 4.416.2] — thus, the first
term in the braces is simply equal to 1. Substituting ofl =J?*, neglecting the

second term and symbolising the magnet volume by JV,,, we obtain, in conse-
guence, the upper band of the magnetic energy as:

2 #
W = TCfmfmJ VmJ _ ZLL,}M (14)
244, 244, 2

that was shown by Craik in [6] as the approximate value of magnetic energy.
We prefer to interpret it as the upper band of the magnetic energy stored in the
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whole R* and created by the yokeless permanent magnet of a cylindrical shape
that is uniformly magnetized in its axial direction:

Wi = %1 M (15)

The second integral in the braces in (9b) can be expressed by means of

the elliptic integrals: of the first kind K, (k) ==K(k) and similarly of the second
T

2

0]
kind En(k):iE(k) with the argument &’ —ﬁl—z — see [9] — hence, an

m m

amendment W will reach:

W =3 [ (1- 1)K, () - Eq ()] (16)

m

that leads to the formula of the lower band of the magnetic energy:

W =w—wr (17)

m m m

Two various physical interpretations of the second energy member wr

given by (16) may be suggested:
The first of them makes use of a concept of the magnetic vector potential
A excited by a fictive electric current that is curried by an edge line £ of the N-

pole surface. There is to find in [9] the appropriate formula of the magnetic
vector potential created by a current-carrying ring co-axial with the cylindrical
magnet, in which the same expression as given above in the brackets of (16)
occurs. Making necessary substitutions and pointing optionally z = 0 at the cen-
tre of the N-pole surface the following formula for ¥} can be rewritten:

s, Vo d V.JA4A V
- m— mS - m s m MA (18)
2ph  2u4r,  2r,

m

where A = A, (Ry, — lv) is the g-component of the magnetic vector potential on
the edge line £° of the S-pole surface:
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#O[::( k2
A= 1-" |[K. (k)=E (k
— M 2] sl k) =Eql )} (19)

that is created by the fictive electric current /., imaginably carried by the edge
circle £ of the N-pole surface;

2o, 21T
= m P mN = 2 LN — 2[|n M (20)

Ay Ay

eq

The other physical interpretation of W, may be explained by applying of
the radial component of the magnetic field strength created by &, at the edge
line £° of the S-pole surface or vice versa. The expression of H, = H (r,. 0) —

with z = 0 at a centre of the S-pole surface — may be easily obtained as a nega-
tive differential of potential (1) to read:

al'f/ e} r -|‘,171’ Iu
H(r , 0)=—"2=—2 ] (ru)] (ru)e” ™" du 21
r( m ) 8}* 2#0 ! l( m ‘r) 0( ) ; ( )

leading for r = ry, to:

O-m k: 4 2
H,(n,1,0)=ﬂ{[l—7;}ho(k)—ho(k)} (22)

Hy
and resulting in the formula interpreting the second member of ,, as:

vl
Wo=—""JH, (23)

-

m

5. EXAMPLE

As an example, let us present in the table 1 the results of calculations
that were performed by the use of the specialised test software. Three flat rare-
earth Schramberg's magnets of the data given below are considered:
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1) NdFeB 230!1?5w 13, =1190T, /{5 =890 KAIm, r,, = 12,5 mm, /,, = 10 mm,
Sa=4.19 cm?, catalogue number 11-5210003,

2) NdFeB 230/1175w, B,=1,190 T, H 5 =890 kKA/m, r,, = 15,0 mm, /,, =4 mm,
V..~ 2,83 cm?, catalogue number 11-6019003,

3) SmCoS 160/175 h, B,=0925T. Hp =710 KA/m. r,, =6.0mm, /, = 12 mm,
., = 1,36 cm®, catalogue number 11-5120005.

TABLE 1
Magnetic energy created in ®"*' and in ]R'™ by permanent magnets set in free space.

No. ; Magnetic | Magnetic | Magnetic Magnetlc energyin® ¥ | Magnetic |

| p_olanza— flux density field Upper T tower | Average .[energy in

tionJ . T 0T strength | | m
: band  !'band i, W d

| 11 KA/ [T ‘ LVEBH
71 ] 1 15.4- T __(-quz;iu N 44_9 i 2600h I 2 248 r 2, 4;;*”?‘"““*] 3:278";
,,J&;ri,' i AN (N1 S - S !_@&| ] S B— g
2) | 1136 | 0289 | 674 | 0294 | 0252 | 0273 | 0075
3 | 0919 | 0744 | 139 | o04s6 | 0423 [ 0439 | 0369 |

The recently elaborated author's test-software package Ceelin” was
used. The calculation is based under the supposition that the magnets have
been previously magnetized in full. After being situated in free space, they are
submitted to a natural self-demagnetization that results in the concrete values of
magnet guantities that are reckoned by the software. The magnetic polarization

J is considered as homogeneously distributed inside the magnet body
however the values of both: the magnetic flux density B = /3 and magnetic

field strength //_ =/ are average values on central cross-section of the mag-
nets. The values of the magnetic energy stored in the whole space '" were

calculated by formulae (15) — (17). The value of the magnetic energy stored in
the magnet body "™ has been calculated approximately taking into account

the average values of both B and H . Exact value differs from 1 l--'ml—fﬁ .indeed:
it could be reached by relevant integration aver the whole " but it is out of

main subject of the paper.
The demagnetization effect is commonly evaluated by the demagnetiza-
tion factor N that takes in the considered case the following values:
= magnet No 1) — N = 0,489,
= magnet No 2) — N = 0,745,
= magnet No 3) — N = 0,644

"In the Ceelin package, the data base contains magnetic curves of 64 modern hard-magnetic
matenials.
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It is evident, that in the shortest magnet (No 2) the demagnetization is
most considerable that results in relatively lower value of the magnetic energy.

It is to be seen that, generally, the difference between the upper band
and lower band does not exceed some percent, so we may expect that the in-

accuracy of the determined value of the magnetic energy W,_ does not exceed
2,5 %.

6. CONCLUSION

Magnetic feature of a permanent magnet can be modelled by the use of
two boundary quantities: surface monopole density of the magnetic charge,
symbol ¢, or magnetizing current sheet, symbol K,,. It is proved the equiva-

m?
lency of them by revealing that the magnetic energy excited by the magnet and
stored in the whole space is the same for both models. The exact result is
reached for the case of cylindrical magnet of rather flat shape and not influ-
enced by external fields, under the supposition that the magnet is uniformly
magnetized in axial direction and submitted to natural self-demagnetization.
Employing in analysis the Lipschitz-Hankel integrals applicable to cylindrical
magnets the exact analytical formula for the magnetic energy was achieved
(9a), as well as the simple expressions of the upper band (15) and lower band
(17) of the expected magnetic energy.
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ROWNOWAZNOSC ENERGETYCZNA WIELKOSCI
BRZEGOWYCH NA POWIERZCHNI BIEGUNOWEJ
| BOCZNEJ MAGNESU TRWALEGO

K. PAWLUK

STRESZCZENIE Wykazano, ze w przypadku magnesu trwafe-
go o ksztafcie cylindrycznym, usytuowanego w wolnej przestrzeni
dwie fikcyjne wielkosci brzegowe: gestos$¢ powierzchniowa fadunku
magnetycznego, ktérgq mozna przyporzgdkowac powierzchniom bie-
gunowym | okfad pradu magnetyzacji wyobrazalny na powierzchni
bocznej wytwarzajq identyczng energie magnetyczng. Podano do-
ktadne wyrazenia do obliczania energii magnetycznej. Przedstawiono
rowniez wyniki obliczen wykonanych za pomocg specjalinego testo-
wego programu komputerowego opracowanego przez autora.
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